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Abstract 
Fernandez de la Vega, W. and Y. Manoussakis, The forwarding index of communication etworks with 
given conrtictivity, Discrete Applied Mathematics 37138 (1992) 147-155. 
Answering some questions of Heydemann, Meyer, Opatrny and Sotteau [4], we give upper bounds for 
the forwarding index of graphs of order n and given connectivity k. We first prove that in a k-connected 
(respectively k-edge connected) graph with n substantially larger than k, the edge-forwarding index of 
shortest paths is no more than n ‘/2-(k-1)n +3(k-1)21b (respectively r&21-n-2(k-1)‘). We next 
prove that for a k-connected graph the vertex- and edge-forwarding indices are no more than 
(n-l )r(n-k- 1)/k] and n &n-k- 1)/k], respectively. Related conjectures are proposed. 
I. Introduction 
We consider networks consisting of a collection of n vertices and communication 
lines. In such a network, a routing is a set of n(n - 1) paths specified for all pairs 
of vertices (one path for each pair). The network-forwarding index is the minimum, 
taken over all possible routings, of the maximum number of paths passing through 
any vertex (see [2]). From a practical point of view, interesting networks are those 
with small forwarding index. 
The purpose cf this work is to prove upper bounds on the forwarding index in 
networks with given connectivity. However, as the reader can verify through our 
results, we conclude that, from a practical point of view, the connectivity does not 
play an important role for the forwarding index, since we prove the existence of 
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networks with high connectivity and high forwarding index. Other results on the 
forwarding index were obtained in [2,4-81. 
Concerning the calculation of the forwarding index, the authors show in [3] that 
the problem of computing the forwarding index of a graph can be reduced into a 
computation of a multicommodity flow problem (MNF). This reduction permits to 
use the approximation algorithms of the MNF (see for example [l, 91) in order to 
compute the forwarding index. Recently, Saad [lo] showed that the complexity of 
finding the forwarding index of a given graph is NP-complete. 
Formally, in what follows G(K E) denotes a simple graph on n vertices with 
vertex set V(G) and edge set E(G). If x and y are two vertices of G, then xy denotes 
the edge between x and y and d(x, y) denotes the distance from x to y, i.e., the length 
of a shortest path frolm x to y. ‘&‘e use N(x) to denote the set of neigh*bOrS of JC. We 
say that G is k-edge connected, if the removal of less than k edges from G results 
in a connected graph. The definition of k-connected graphs is the usual one. 
A routing R in G is defined as a set of n(n - 1) paths specified for all ordered pairs 
of vertices of G. The load n(G, R, o) and rr(G, R,e) of a vertex o and of an edge e 
is the number of paths of R containing o (as an internal vertex) and e, respectively. 
The vertex-forwarding index c(G) and the edge-forwarding index z(G) of G are 
defined as the minimum value of the largest load of a vertex, respectively an arc, 
taken over all possible routings. If R is considered as a routing of shortest paths, 
then the corresponding vertex- and edge-forwarding index of R are denoted by 
c,,,(G) and n,(G), respectively. 
If A, B, A f B, are subsets of V(G), then R(A, B) denotes the set of paths of R 
from each vertex of A to each vertex of B. If A = {x] and B = { y}) then we write 
R(x9y) instead of R(A, B), 
In this work we consider the following four problems proposed by Heydemann, 
Meyer, Opatrny and Sotteau in [4]. 
Conjecture 1.1. Let G be a k-edge connected graph, k 2 3, of order n, n L 3k + 3. 
Then z,?,(G) 5 f (n, k), where 
I 
f (n, k) = < 




(k + 1)2 
for 3k+3sns-- 1 and kz6. 
c 2 
Problem 1.2. Find the best upper bound h(n, k) such that for any k-connected, 
kr 3, graph G of order n, q,,(G)5 h(n, k). 
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Problem 1.3. Find the best upper bound s(n, k) such that for any k-connected, 
k L 3, graph G of order n, c(G) %s(n, k). 
Problem 1.4. Find the best upper bound r(n, k) such that for any k-connected, 
k 13, graph G of order n, z(G)5 r(n, k). 
In the second section, we prove Conjecture 1.1 for n L max(3k + 3, (k+ 1)*/2). 
We also prove that the function h(n, k) of Problem 1.2 is no more than n2/2 - 
(k-l)n+3(k-1)*/s and conjecture that h(n,k)=n*/2-(k-l)n-(3/2)k*+k+7/2. 
In the third section we discuss Problems 1.3 and 1.4. In particular, we show that 
s(n, k) s (n - 1) [(n - k - l)/kl and conjecture that s(n, k) = [(n - k)(n - k - 1)/k] 
by considering the complete bipartite graph Kk,k+ We next prove that r(n, k)l 
n [(n - k - l)/kl and conjecture that r(n, k) I rn2/(2k)l. 
2. Upper bounds on R,(G) in graphs with a given connectivity 
In this section we shall establish some upper bounds on z,JG) in graphs with a 
given connectivity. We need some additional definitions. Let G be a k-edge con- 
nectefd graph. For a specified edge e =xy of G, we define A = {u E V(G) 1 d(u,x)< 
d(u,y)}, B= {UE V(G) 1 d(u,x)>d(u,y)), I- = V(G)-(A U B), A’=(w 1 WEA -x 
and N(w)fsB#O) and B’={wl WEB-~ and N(w)Ml#0}. Set cr=IAI, p= IBI, 
y = lrl, IA’1 = a’ and I B’J =p’. In the following, we assume without loss of generali- 
ty that a s j?. In addition, when y > 0, for a vertex z of I-‘, we define X= N(z) n A, 
a=I.XI, Y=N(z)nBandb=IYI. ifX#0and Y#O,thenwechooseav~~exx’of 
X (respectively a vertex y’ of Y) such that the set IV= N(x’) n (A -X) (respectively 
2 = N(y’) (I (B - Y)) has maximum cardinality. Let I WJ = c and IZ I = d. 
The facts below are easy to verify. 
Facts. (0) Let m, n be two positive reals. Then 4mn 5 (m + n)*, 
(i) the only paths of R going through e are those in R(A, B) U R(B, A), 
(ii) we have N(x) f I 3 =y and N(y) n A =x by the definition of A and B, 
(iii) we have a + b L k - y + 1, since the vertex z has at least k neighbors, 
(iv) if N(x’) n B = 0, th ena+crk-y+l.Similarly,ifN(yf)nA=O,thenb+d~ 
k-y+1 and 
(v) m (iii) and (iv) above, we may suppose that a + b = a + c = b + d = k - y + 1, for 
otherwise we may consider appropriate proper subsets of X, Y, W and Z (this 
assumption will simplify somehow the following proofs). 
To simphfy the proof of Theorem 2.3, we shall prove the following two lemmas. 
Lemma 2.1. Let e =xy be a specified edge of a k-edge connected graph G. LFt R 
denote a rcut.!?tg @shortest paths in G such that for each pair u, v of vertices of 
G the paths R(u, v) and R(v, u) have the minimum number of edges in common. 
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Suppose min(a’, j3’)r 1. We use A to denote the number of edges between A’ and 
B’. Then 
(i) for each u E A’ and u E B’ such that uv e E(G), d(x,u) =d(y, v) and 
(ii) there are at least fl’(a - a’) + a’fl+ A paths of R which do not pass through 
the edge xy. 
Proof. (i) If d(x, u)<d( y, v), then concatenating a shortest path from x to v with 
the edge uv yields d(x, v) rd(x, u) + 1 I d( y, v), a contradiction with the definition 
of B. Similarly, if d(x, u) >d( y, v), then d( y, u) 5 d(x, u), a contradiction to the 
definition of A. 
(ii) Let u’, u’# v, be a vertex of B. Notice that any shortest path R(u, u’) through 
the edge uv has length less than or equal to any shortest path R(u,u’) through the 
edge xy, since d(x, u) = d( y, v). From this fact and the definition of R, it follows that 
either R(u, u’) or R(u’, u) (but not both) go through the edge xy, and therefore the 
paths between each two vertices u and u’, u E A’ and U’E B, give a load at most 1 
to the edge xy. We get a similar conclusion, when u is a vertex of B’ and u’ is a vertex 
of A -A’. On the other hand, there are A paths from B’ to A’ of length 1 which ob- 
viously do not use edge e. From these observations, it is easy to get the conclusion 
of (ii). E 
Lemma 2.2. Let e be a specified edge in a k-edge connected, k > 3, graph G of order 
n, n L max(3k + 3, (k + ?)2/2). Assume that y = Irl = 0. If R is a routing fulfilhng 
the conditions of Lemma 2.1, then n,(G, R, e) 5 f (n, k) = [n2/2j - n - 2(k - 1)2. 
Proof. We have min(a’, j?‘) L 1, since G is k-edge connected and k 2 3. Put m = 
max(a’$) - min(a’$). We split our proof into two parts depending upon the 
values of min(a’, p’). 
Case 1: min(a’J’)r5. Assume w.1.o.g. that a’=/?=1 = 5 (otherwise we replace 
A’ and B’ by subsets of cardinalities 5). It follows from Lemma 2.1 that z,,&G, R, e) 5 
2a~-5(a+P-5)-5=2a~-5n+2Q~n2/2-n-4n+20rn2/2-n-2(k+l)2+20< 
f (n, k). 
Case 2: 11min(a’J’)r4. Let us suppose that a’@ (the proof for a’>/?’ is 
similar). By Lemma 2.1 we have Ir,(G,R,e)s2a@-a’(a-a’)-a’/&m(a-a’)= 
a(2P-m)-a’(a+&+ma’+a’2. Since a+p=n and a(2P-m)sn2/2-nm/2+m2/8 
we obtain 
n,,,(G,R,e) 5 n2/2-n-(a’ -l)n-nm/2+m2/8+ma’+af2. (1) 
Assume first that a’= 4. If m 2 2, then it follows from (1) that rr,(G, R, e)r 
n2/2 - n - 4n + l/2 + 24. Consequently, as in Case 1 we can conclude that z&G, R, e) 5 
f(n, k). On the other hand, if m = 1, then it follows, once again, from (1) that 
Ir,,(G, R, e) 5 n2/2 - n - 7/2n + 1 A3 + 20 I n2/2 - n - 7/4(k + 1)2 + l/8 + 20 I f (n, k), 
sincekla’/?‘+lc21. Similarly, form=Owehavex,(G,R,e)5n2/2-n-3,+161 
n2/2-n-3/2(k+1)2+16. Therefore, n,,(G,R,e)lf(n,k), for krl5. Since k= 
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a’P’+ 1 + 17, it remains to settle the case k= 17 or 16. For these particular values of 
k, we can see that all edges (or possibly up to one edge for k = 16) between A’ and 
B’ are present and therefore by studying the structure of G we can verify that 
IC,(G, R, e) If (n, k). 
We can complete the proof for 1 I a’r 3, by using a tedious but straightforward 
case by case analysis similar to the case a’=4. 
This completes the proof of the lemma. El 
Theorem 2.3. Let G be a k-edge connected, k 2 3, graph on n vertices, where n 1 
max(3k+3,(k+1)2/2). Then q,,(G)lf(n,k)= rn2/21 -n-2(k-1)2. 
Proof. Let us consider a routing R of shortest paths in G as defined in Lemma 2.1. 
Let also e = xy be a given edge of G and consider the sets A, B and r and their car- 
dinalities GC, /I and y, respectively, as defined above. Let A denote the number of 
edges between A -x and B-y. 
In view of Lemma 2.2, we can assume ye 1. The proof is based on a series of 
claims. 
Claim 1. The graph G satisfies n,(G) 5 f (n, k) if one of (i) or (ii) betow holds. 
(i) yr5 and (k+1)2/2z3k+3 or 
(ii) ~22 and 3k+3=(k+l)2/2, that is for k=3, 4 or 5. 
Proof. Put a + j? = s. Then s = n - y. Put a =x, x ZE 1, and f (x) = 2x(s - x). It follows 
from Fact (i) that rr,(G, R, e) I 2@ and therefore ;rr,(G, R, e) 5 f(x). However, the 
maximum of f(x), obtained for x=s/2, is equal to s2/2. It follows that n,(G, R, e) zs 
s2/2. Now, in case (i) we have SQZ - 5 and therefore we obtain n,(G, R,e)z~ 
n2/2 - n - 4n + 25/2 zs n2/2 - n - 2(k + 1)2 + 25/2 < f (n, k). Similarly, in case (ii) we 
deduce that n,(G, R, e) I n2/2 - n - n + 2 5 f (n, k), for n 2 3k + 3 and k = 3,4,5. This 
completes the proof of the claim. 
Subsequently we will suppose that y 5 4 for k I 6 and y = 1 for k = 3,4,5. Further- 
more, when il = 0, then we suppose that z is a vertex of r so that X#0 and Y+ 0. 
Clearly such a vertex exists because of the values A, y and k. 
Claim 2. Assume Iz = 0. Then q,JG, R, e) 5 f (n, k) if one of (i) or (ii) below 
holds. 
(i) kz6 and ~23. 
(ii) k=3,4,5 and yzl. 
Proof. (i) We may assume y = 3 or 4, by Claim 1. 
Assume first that x is in IV. By the definition of r we have d&z) = d(y, z) and 
therefore y is in 2. By the structure of G and the choice of R, we can conclude 
that for each pair of vertices u and 11, u E W-x and v E Y or u E Z-y and v EX, 
either R(u, v) or R(v, u) do not pass through the edge xy. Similarly each path of R 
between X and Y has length 2 and therefore it does not go through the edge xy. It 
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followsthat z,(G,R,e)l2a/3-(2ab+bc-b-tda-a). §incec=k-a-y+1 andd= 
k-b-y+1 by Fact(v), weobtain z,(G,R,e)l2a(n-a-y)-2ab-(k-a-y+l)b- 
(k-b-y+l)a+(a+b) = 2a(n-a-y)-(k-y)(a+b) = 2a(n-a-y)-(k-y)(k-y+l). 
The maximum on the right side of the last inequality is attained for a = (n - y)/2 and 
consequently n,(G, R,e)r(n- y)2/2-(k- y+1)2-(k- y)=n2/2-n-k2-(y-l)n- 
y2/2+(2k+l)y-k. Now for y=3and y=4weobtainn;,(G,R,e)ln2/2-n-2k2+ 
k-l<f(n,k) and z,(G,R,e)rn2/2-n-k2-(3/2)(k+l)2+7k+4=f(n,k), res- 
pectively. 
Assume next that x is either in X or in A - (XU W). In both cases, we can com- 
plete the proof by using the above arguments. 
(ii) It follows from Claim 1 that y = 1. Now, we obtain n,(G, R,e)C&@- 2abs 
(n-1)2/2-2(k-1)2=n2/2-n-2(k-1)2+1/2, since ark-l and bzk-1. 
Claim 3. Assume iz ~1 and y 5 4. If either (i) min(a’, j?‘) + y L 5 or (ii) min(a’, /?‘) + 
L[max(a’$)-min(a’J’)]/2] + ~25, then n,(G,R,e)sf(n,k). 
Proof. (i) Assume w.1.o.g. that a’=j3’ and a’+ y= 5 (otherwise we can consider 
proper subsets of A’ and B’). The number of paths of R between A’ and B’ is at most 
2a@. Since they are shortest paths each loads e at most once. By Lemma 2.1, we get 
x,(G,R,e)~2a~-a’(a-a’)-a’~=2a~-a’(a+~)-a’2. Since a’=S- y, a+p= 
,FZ- y and a+/&(n- y)‘/4 by Fact (0), we get Ir,(G,R,e)l2(n- y)2/4-(5- y)n- 
(5 - y)2 = n2/2 - n - 4n - 25 - y2/2 + 10 y. Since n 1 max(3k + 3, (k + 1)2/2), for the 
different values of y we obtain rr,(G, R,e) 5 f(n, k), as claimed. 
(ii) It is very similar to that of (i) and thus omitted. 
Claim 4 below is used in the proof of Claim 5. 
Claim 4. Assume A = 0, y = 2, x E W and y E 2. Assume that there exists a vertex u 
(respectively v)in W (respectively in Z) and that the edge ux (respective/y vy) ispres- 
ent in G. Put el = ux’, e2 =x’z, e3 = zy’ and e4 = y ‘v. Then either n,(G, R, e) s f (n, k) 
or n,,,(G,R,ei)Sf(n,k)-k”, i=l, 2, 3 or 4. 
Proof. We shall prove this claim for the edges el and e2, the proof is similar for 
e3 and e,. 
Assume that n,(G, R, e)>f(n, k) for otherwise we are done. Since ux&(G) 
and XE W, we have d(u, y) = d(x’, y) = 2. Consider the set of vertices Q = {x, y} U 
{q 1 q E B - Y and for some 4% A - (x}, either R(q, q’) or R(q’, q) goes through the 
edge xy]. If IQ1 L 7, then clearly we have z,(G, R, el) 5 f (n, k) - k2 by using e, in- 
stead of e in Claim 1. Assume therefore that IQ 1 zs 6. Consequently I Y I= bz k - 5, 
since d(y) L k and y has at most four neighbors in B - Y. In this case, by using 
arguments essentially similar to those of the proof of Claim 2, we can verify that 
MG, R, e) (f (n, k). 
Similarly, for the edge e2 we can see that d(z, y) = d(x’, y) = 2 and therefore, as 
above, we can prove that z&G, R, e2) 5 f (n, k) - k2. 
Claim 5. If A=0 and yr2, then rr,(G, R, e)c f(n, k). 
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Theorem 2.4. Let G be a k-connected, k ~2, graph of order n, where n is substan- 
tialt’y larger than k. Then ~,(G)1n~/2-(k- l)n+3(k- l)2/8. 
Proof. It is very similar to that of Theorem 2.3 and thus omitted. Full details can 
be found in [3]. 0 
The bound given in Theorem 2.4 is nearly best possible as it is shown by the 
following construction. Let Go be a graph containing seven complete graphs X, L, 
A&N, P, QandS, where IV(L)I=IV(M)I=IV(N)I=IV(P)I=IV(Q)i==k-1 and 
I V(X)1 = I V(S)1 = (n - 5 k + 5)/2. Let x be a vertex of X, y be a vertex of S. Put all 
possible edges between X and L, x and M, P and y, S and Q and also add the edge 
xy. Next put matchings of k- 1 edges between L and M, M and N, N and P and 
P and Q. It is not difficult to verify that G is k-connected for N sufficiently large, 
and moreover that n,(G) 5 n2/2 - (k - 1) n - (3/2) k2 + k + 7/2. We believe that Go 
gives indeed the maximum value of z,(G) and therefore we propose the following 
conjecture. 
Conjecture 2.5. Let G be a k-connected graph. There exists a function q(k) such 
that if n L q(k), then q,,(G) I n2/2 - (k - 1) n - (3/2) k2 + k + 7/2. 
3. Upper bounds on c(G) and n(G) in graphs with a given connectivity 
In this section we discuss Problems 1.3 and 1.4. Our upper bound on c(G) in a 
k-connected graph G is given by the following theorem. 
Theorem 3.1. Let G be a k-connected graph of order n, kz 1. Then r(G)< 
(n-l)r(n-k-1)/k]. 
Proof. We define a routing R in G as follows: Let x be any vertex of G. Partition the 
vertices of G-x into rn, m = [(n - l)/kl, subsets A1,A2, . . ..A. with cardinalities 
IArl = l/l21 = l *. = l&-J =k and l&-r1 =n - 1 (mod k). Then by using Menger’s 
theorem define k vertex-disjoint paths between x and each of the subsets Aj, 
j=l,...,r- 1 and n - 1 (mod k) paths between x and A,. Do this construction 
for each vertex of G. Observe now that the load of any vertex z, zfx, is at 
most m-l and therefore &,R,G)S(n-l)(m-l)qn-!)(r(n-l)/kl -l)= 
(n-l)r(n-k-1)/k]. •1 
The proof of Theorem 3.1 indicates a polynomial algorithm for finding a routing 
R in k-connected graphs satisfying {(G, R) s (n - 1) [(n - k - l)/kl. The bound 
given in the above theorem is not far from being best possible, since the complete 
bipartite graph Kk,n_k, nz2k, satisfies &G,x)r [(n - k)(n - k- l)/kl, where x is 
a vertex of the smallest colour class of Kk++ We propose the following conjec- 
ture. 
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Conjecture 3.2. Let G be a k-connected graph of order n, n ~2k 2 2. Then r(G) I 
[(n-k)(n-k-l)/kl. 
This conjecture is true for k = 1 and 2 [4,6]. 
Theorem 3.3. Let G be a k-connected graph of order n, k I 1. Then n(G)r 
nr(n-k-l)/kl. 
Proof. It is similar to that of Theorem 3.1 and thus omitted. 0 
We think that the bound given in the above theorem is not best possible. Indeed, 
consider the graph G on n vertices consisting of two complete graphs with equal 
orders and a matching of k edges el, . . . , ek, between them. Clearly G is k-connected 
and z(G, ei)C rn2/2kl. Thus we propose the following conjecture. 
Conjecture 3.4. Let G be a k-connected graph, kz 1, of order n, n z2k. Then 
it I rn2i2kl. 
We recall that this conjecture is true for k= 1,2 (see [4,6]). 
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